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Abstract—In this paper, we use some non-standard concepts to
study the analyticity near the singularity. We analyzed and proved
the existence and uniqueness theorems for first-order ordinary
differential equations in a subset of the monad of the initial
standard point. Then, the solutions of the second-order ordinary
differential equation (Legendre Equation) are introduced around
the singularity in the monad of zero using power series method with
suitable transformations for singular points.

Index Terms—Existence, Legendre equation, Non-standard
analysis, S-continuity, Singularity, Uniqueness theorems.

I. INTRODUCTION

The theory of ordinary differential equations is the most important
to the applied mathematics, for example, in the applications of
the Natural Sciences, notably physics, and other fields. In this
paper, we clucidate the fundamental problems of the existence
and uniqueness theorems of a first-order differential equation
dy_ f(x,y) withy (0)=0

dx

Where x and y are in {-Microm(t), { is an infinitesimal, and
t = (x,,,) of which x and y, are standards, and we are trying
to found the solution in the Monad of the singularity for the
Legendre equation. The existence and uniqueness theorems
of a solution for a first-order differential equation, given a
set of initial conditions, are one of the most fundamental
results of ODE. The extension of these results is going back
to Miiller [1], Kamke [2], and Walter [3]; we note that there
are various other formulations for producing a proof of the
existence and uniqueness theorems for the first-order ODEs
in an infinitesimal Micromonad of an initial standard point
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using some non-standard mathematical analysis tools and
Picard’s iteration method.

We try to give the most important preface about the main
basic statements which make the inclusion of the paper more
understandable.

II. PRINCIPLES AND SOME DEFINITIONS OF NON-STANDARD
ANALYSIS

The following definitions and notations of non-standard
analysis will be needed in the sequel.

A real number x is called infinitesimal in case |x|<1/v for
some nonstandard natural number v since a non-standard v is
bigger than every standard n, as shown in Fig. 1.

Therefore, if x is an infinitesimal, then |x|<l/n for every
standard natural number n. A real number x is called limited
in case |x[<1/n for some standard natural number n [4]. A real
number o is called infinitely large or unlimited if its absolute
value |w| is larger than any standard integer n [5], as shown
in Fig. 2.

Let a and b be two real numbers with a—>b is infinitesimal,
then we say that a is infinitely close to b, and we write
a=b [6]. A real number x is called appreciable, if x is limited
and it is not infinitesimal [7]. Let » be a limited real number,
then the set of all real numbers which are infinitely close to r
is called the Monad of » and denoted by m(r) [8]. Fig. 3. Let
E be a subset of the standard topological space X. Then, we
define the shadow of E, denoted by E, as

E ="{xe X: y=x for some y in E}

The ¢ — Micromonad of zero with a real infinitesimal
¢ > 0 is defined as

{ — Microm (0) = {xe R: x<{", V* n}

A standard function f is continuous at a standard point
x if for all y, y=x, then f (v)=f (x). A function f is called
S-continuous at x if for all y, y=x, then f (y)=f (x) [8]. Hence,
every continuous function is not S-continuous function, for

S

2, 2"
7 +x

Then, f is continuous at x =0 (this internal property in
classical mathematic is true V&>0), but it is not S-continuous
at x = 0, because if we choose y = &, then f{&) - f(0) well

become unlimited.

example, let £>0 be infinitesimal, and let (x)=
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Fig. 1. Structure of extended natural numbers.

Negative
unlimited

Positive

Limited unlimited

A Infinitesimal A
microscope
Unlimited Unlimited
telescope telescope

Fig. 2. Structure of extended real numbers, where € is an infinitesimal.

Fig. 3. The monad of r, where §, v, and € are infinitesimals.

Theorem 1. [7] Let a be a limited real number and ¢ and {

any two infinitesimal numbers, then:

i. & (is an infinitesimal.

ii. e o is an infinitesimal.

iii. &+ ais limited.

iv. ¢+ s an infinitesimal (in general, the sum of arbitrary
finite number of infinitesimal numbers is an infinitesimal).

Theorem 2: [9] Suppose X and Y are metric spaces with X
is compact. Suppose that 2 X—°Y: Is an internal, S-continuous
function. Suppose that f{p)e Yns for each peX. Define F:
X—Y by F(p) = st(f(p)). Then, F is continuous and F(p)=f(p)
for all pe°X.

Theorem 3: (Principal of external induction) [10] If £ is
an internal or external property such that £ (0) is true and
E(n)—E(n+1) is true Vre N, then E(n) is true Vne N.

Lemma 4: (Cauchy principal lemma) [7] If P is any internal
property and if P (n) holds for all standard #, then there exist
an unlimited we N such that P (») is held for all #n < .

Now, we define a definition of a set bounded by numbers
as follows:

Definition 5: Let X be any standard metric space and for
any limited real numbers x,, x,,..., x for ne N. We denote
the interior of the bounded set by IntBnd (x, x,,...,x ) and is
defined as follows:

115
IntBnd (x,, x,, ..., x) = {0, ¥, --.y) €X: IS,
fori=1, ..., n}

Remark: If we have x, x, ... x which are real
infinitesimals, then /ntBnd (x,, x,, ..., X)) C m (X, X,, ..., X).
II1. EXISTENCE AND UNIQUENESS THEOREMS

Given a first-order differential equation:
d
T o f(x,y) with y (0) =0 (1)

dx
If x and y are in { — Microm (t), where ( is an infinitesimal

and ¢ = (x,, y,) for x, and y, are standards. Then we can do
a suitable transformation so that we have to assume that
x and y are at (0,0), we mean that there is no loss of such
generality if the initial value of y is zero. To see this, suppose
that instead of equation (1), we have

d .
d—z = f(x,y(x)) with y(x)) = y,.

We may transform this such as the form of the
equation (1). To do that, let ¢(x) = y(x)-y(x,), note

that ¢(x) = »(x) - y(x) = 0 and %:% Therefore,
X X
%:f(x,q)(xﬂy(xo)):fl(x,q)(x)). Similarly,  for the
X
variable x.

A. Existence Theorem

Suppose that f (x,y) is S-continuous function defined on
IntBnd (y,x), where y and x are real positive infinitesimals.
Then, there exists xey — Microm (0) so that y = y(x) is a
solution of equation (1).

B. Uniqueness Theorem

of
Suppose that both flx,y) and — are S-continuous

functions defined on IntBnd (y,x), where y and x are real

positive infinitesimals. Then, there exists xey — Microm (0)
so that the solution y = y(x) was guaranteed by existence
theorem which is the unique solution of equation (1).

Now, assume that we have the differential equation x’ =
v(x,7), then we mean by Picard’s mapping is the following
mapping of the function ¢: +—x into F' o [—X, to see that the

solution to this problem is given as follows:
t

Fy(6)=Fy (6)+ jv( f(2),7)dz
Xo
The Picard’s iteration method process consists of obtaining

a sequence of functions which will get infinitely close to the
desired solution. The process will be as follows:

t
1. F<I>n+| (t)=x,+ J.V((I)n (r),7)dz> for n>1.
X0

Inspired by the contraction mapping theorem, now
assume that the Picard’s iteration method (or successive
Picard approximations) ¢, F, > F oo beginning, say, with

1 2

¢ =x, [11].
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For example Let x* = x, with initial condition x (z) =
x (0) = 1. Hence, the Picard’s iteration method can be written
as follows:

t
Fy, =X +Ix0dr:x0 1+t)
0
¢ ’ 2
Fy, = x¢ +J-x0 (1+7)dr=x, (1+t+t2—! ),

0

t2 @
E, =X |l+t+—+..+—|=e'x,
© 2! !

Where © is positive unlimited. Thus, e' is the exact
solution of the differential equation x'= x satisfying the initial
condition x(0) = 1.

C. Proof of Existence and Uniqueness Theorems
To prove existence theorem, we will use Picard’s iteration

method to construct a sequence of functions {y, (x)} €. Set
Y, (x) = 0 and vy, (0) =0, Vne N and

v, (X)=w, (x)+.|.f<s,1,z/m1 (s)) ds = J‘f(s,l//n,1 (s))ds (2)
0 0

Now, we want to prove that y _(x) exists and S-continuous
for all neN. In classical mathematics, every continuous
function defined on a compact metric space onto the usual
metric space is limited. Since f'(x, y) is S-continuous function
then by theorem (2), we get that f (x, y) is limited and by
definition of limited number there exists a standard natural
number p such that

x ) Sw, Y (x,v)e IntBnd(yx).

To show that vy (x) € IntBnd(x), we restrict xe [—1,T] for T

< min {f ,y} and t€y— Microm(0), then
Yo (X) = If(s,t//n_l (s))ds
0

Is at most ufx| and plx|<pt<k (i.e., |y, (x)|<k), as shown in
Fig. 4.

To show that v _(x) exists for all xe y-Microm (0), where n
is unlimited. We can write v, (x) as

V()= (1 () =i (%)
i=1
For n = 0, we have y, (x) = 0. Now, for any xey — Microm
(0) and positive real appreciable r such that r<<1. We will
show that
v, @) - v, @I, Y ieN
Now, applying Theorem (3) on i, where i is limited. Hence,
for i = 0, it is clear and we have

Vi) =Yi1 (0= [ (Fs.p (6D~ (5)ds
0
Apply the mean value theorem to the function g (y) = f

(s,y), where the two points are y,_, (s) and y,_, (s), then there
exists y, (s) € (y,_, (5),y,,) (5)) such that
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Y =ux y=ux

U (X)

Xo W (X) *o

yi==ux

Xo =Y
Fig. 4. |y, (x)[<x

gy, () -gv, () =g (v, (s)* (w_, () - v, (),
Where

g(y)= % then

wi(X) -y (x) = Ig'(v/i—l (8) =i, (s))ds.
o Oy

By assumption of external induction, we have
ey () - v, (<,

Where of is defined on IntBnd (y,x) and it is limited,

then there exists a standard real p, such that

of
| —[< 1, Vy € IntBnd(x).
oy

Hence,
=y (0 < [ur'™ dssy x|
0

Since xey — Microm (0). Hence, p, °[x| is an infinitesimal
by theorem (1) (ii), then p *|x|<r. Therefore,

Wy, () -y, (< 7.

Consequently, since it is true for all standard natural
number 7, then by Cauchy Principle Lemma(4) there exists an
unlimited € N such that |y, (x)- y,_, (x)|<* for all i<w. Hence,

V()= D Wi () -y (X)),

i=1

Moreover,
[0

i 1
S,
é I-r
i=1

Hence, by comparison test, we have y_ (x) exists. Thus, y_
(x) exists Vxey — Microm (0) as n = ® where ® is unlimited.

Now, to show that w( ) = y_ (x) is S-continuous. Let x €y
— Microm (0) if x =x,, then we have to show that y(x,)=y(x,).
Since

W)= w(x) = vy (%) =w, (%)= [F5001 (1)

X1

However, for all selntBnd (y), we have fls,y_ (s)) is
limited. Hence, there exists a standard real number p such that

(x2) =y (x,) 1= [nds<ulx —x, |

X
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Given x, is infinitely close to x, and p is standard, we get
ux,-x,| is an infinitesimal. Thus, q{(xz)zw(xl)..
To show that y(x) = y_ (x) satisfies equation (1), we have

dy
to show that —— =T(X,y(x)) . Now,

dx
v(x)=vy,(x) :.Tf(s,l//w1 (s))ds

0
— If(s,w(s))ds
0

Hence, by fundamental theorem of calculus, we have ’
(x) = flr,y(x)).

Finally, to prove uniqueness theorem, assume that there is
another solution ¢(x) satisfies equation (1). Now,

y (X)—b(x)= I (£, (s)) = £(5,9(5)))ds
0

If v and ¢ are distinct, then there exists a standard £>0
such that for some xey — Microm (0), we have

WO-0(E, 3

Now, let m = max{|y(x)-0(x)|:xey — Microm (0). Let x

be any element in y —Microm (0) and apply the mean value

of
theorem with 1 being an upper bound of g , then

v (x) =0 (x)| = [l (x)-

=< |x|m ()

Since xey —Microm (0), then |y(x)-¢(x)| will become <&,

where & is an infinitesimal, which contradicts the inequality
(3). This completes the proof.

IV. LEGENDRE EQUATION

The differential equation of Legendre is of the form:

(1—x )d Y xS dy
dx dx
Having the parameter / [12]. Now, we will try to find the
solution infinitely closed to the singularity, where x is in the
monad of zero. However, the singular points of equation (5)
are x = ®, x = 1, and x = —1, where ® is unlimited. These
singular points are regular singular points. Thus, use a
suitable transformation to make the singularity in the monad
of zero.

+1(1+1)y 0, (5)

Now, since ® is a regular singular point, and — is

infinitesimal. Thus, let . The derivatives with respect to

x becomes
dy dody -ldy  ,»dy
dx dx d¢  x2 d¢ ¢’
&’y _d¢ d (dyj
dx dx dg

=—¢? (_zgﬂ _é'Zﬁ J

¢ dc?

dzy
= 2 — ).
=6 ( ;dCZ .

If we substitute these derivatives of equation (2) into the
Legendre’s equation (5), we get

R A AR T
(1 czjg( i ar j z[qjg ag Hy=C

Then, equation (1) will become

&gt ) e

Since (e m(0) is a regular singular point, then the method

of Frobenius advises us that we can write an approximate
power series solution for the equation (5) of the form:

Y 1203 d; +1(1+1)y=0. (6)

)
y= ) et (7)
i=0
Where o, is unlimited positive even integer. Put equation
(7) in equation (6), we get

ngci((r+i+l)(r+i—l—1)§‘ +(r+i)(r+i+1)¢ =0.
i=0
Hence,
¢, rtH(r-I-1) =0
By assumption ¢ #0, then » = —1 or = /[+1, and
Cy = (r.—1)(r+1+1). ¢, i20.
(r+1+i+2)(r+1-i—-1)
First, for » = [+1, then ¢, (I+1) = 0 or ¢, = 0, and
(+i+D(A+i+2) .
i+2)21+i+3) '’

So that ¢,, = 0 for i20. Therefore,

(1+1)(1+2) 2+(1+1)(1+2)(1+3)(1+4) i,

i+2

=o' 1+

2(21+3) 2 -4 -(21+3)(21+5)
A+DA+2)(1+3)1+4) - I+ o)) <
2 4.y - (2143)21+5) - -2+ +1) ’

Moreover, it is true when {e m(0). Then,

(1+1)(1+2) 2 +(l+l)(l+2)(l+3)(l+4) L

y; = clx_l_l 1+

2(21+3) 4 -(21+3)(21+5)
(DA DAL+ () g
2 4. (2143)(20+5) - Rl+ay+1)

Hence, y, is a solution, whenever x is unlimited.
Second, for » = —/, then ¢,/ = 0. That is ¢, = 0, and

__(A=pd-i-1) i
1+2)(2l-i-1)

i+2 s
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Giving ¢, = 0 for >0, and

1(1-1)
EITE N

_1a-1(1-2)(1-3)
Y724 21-1)21-3)

In general, we have

__ =D0=2)(1=3) (= (@-1)
A2 4 (2-1)21-3) - (2l= (@, —1))

Thus,
) 10e0-2)0-3)
Y2=eoe 2(21-1) 2-4-(21—1)(21—3)4 B

MHA-DHA-2)1-3) - -(1- (e —1))
24 - (21-1)21=3) - (21— (o ~1))

Where {e m(0), and x = i

¢
I(1-1)  ,  1(1-1)(1-2)(1-3) _,

=cox' (1 -
e 0oy gy @as)

2i+1

Cz—

)

C

&t

+(=1)" &,

MA-DHA-2)A-3)- - -(1- (& ~1))
e @)=Y 2= (@-D)
Hence, y, is a solution, whenever x is unlimited.

For x = 1 is a regular singular point for the Legendre
equation(1). We exchange the variable x by &, to make the
regular singular point in the monad of zero. Hence, let & =
x—1, then we get

X ).

+(=1)*
R

2
(2+&) Y 201+ L s (141)y =0,
d& d¢ ®)
So, the regular singular point is & = 0. Hence, we can
find the approximate solutions for equation (8) using the
Frobenius method such as equation (4). Similarly, we can find
approximate solutions for equation (5) in the monad of x = —1.
Now, in the solution of equation (6) if we take / as an

appreciable natural number and le m(0)~ € - Microm(O))C
b's

whenever ( is an infinitesimal, then the solution y, becomes
limited for positive limited c¢,. However, there are no
solutions y, which approach to a limited number whenever ¢,
approaches to an appreciable or unlimited number except the
case that if we take ¢, € — Microm(0).

By Mehler—Dirichlet Integral [13], we can write Legendre
polynomial as follows:

sin((n + %)t)

2 T
0)=—"|——=to-r
P, (cos0) ”£ 2(cosf — cost)
©)

1) If =0, then sin ((n+l )t) =t for limited n and cos(f)=1
[14]. Therefore,

dt,0<0<7z, n=0,1,2,

t

\J2(cos8-1)

Pn(cos6) ;3 dt
z

D C— N
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B 7+J2(cosd —1) '
2) If =m, then there exists an infinitesimal & such that / = &,
then df = —d§, and if t = 0 then & = 10, also, if t = w then
& =0. Hence,
y 0 sin(n ) —6)

P 0)=— d
n(cos6) T \/2(0059 —cos(r =¢&)) d

5 -0 sin((n+% )7[)005((114‘% )S)

== dé&.
Ty \/2(00349—005(7[—5)) d

. 1 n
Since £=0, this implies that cos& =1, sm((n+5 )= (-1
. Therefore,
-6

2 (D"
P (cosf) == | ——2L_—d¢&.
n(cos6) r ! J2(cosO+1)
Thus,

7+J2(cosO+1) '

V. CONCLUSION

With this study, we conclude that the nonstandard tools
were the most powerful technique to overcome the difficulty
and inability for obtaining approximate solution and the
behavior of solution curves near singularities and guaranteed
of existence of unique infinitely near solution of the
problems given by mathematical models of real applications
represented by differential equations.
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